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NON LEFT-ORDERABLE SURGERIES ON L-SPACE TWISTED
TORUS KNOTS
ANH T. TRAN
Abstract. We show that if K is an L-space twisted torus knot T l,mp,pk±1 with p ≥ 2,
k ≥ 1, m ≥ 1 and 1 ≤ l ≤ p− 1, then the fundamental group of the 3-manifold obtained
by r
s
-surgery along K is not left-orderable whenever r
s
≥ 2g(K)− 1, where g(K) is the
genus of K.
1. Introduction
Heegaard Floer homology is a package of 3-manifold invariants introduced by Ozsvath
and Szabo [OS]. Manifolds with minimal Heegaard Floer homology are called L-spaces.
More precisely, a rational homology 3-sphere Y is an L-space if the hat version of its
Heegaard Floer homology, denoted by ĤF (Y ), has rank equal to the order of H1(Y ;Z).
Since computing ĤF is difficult, it is desirable to know if there are characterizations
of L-spaces which do not refer to Heegaard Floer homology. The L-space conjecture of
Boyer, Gordon and Watson [BGW] proposes such a characterization. It states that an
irreducible rational homology 3-sphere is an L-space if and only if its fundamental group is
not left-orderable. Here a nontrivial group G is left-orderable if it admits a total ordering
< such that g < h implies fg < fh for all elements f, g, h in G.
Many hyperbolic L-spaces can be obtained via Dehn surgery. A knot K in S3 is called
an L-space knot if it admits a positive Dehn surgery yielding an L-space. For an L-
space knot K, it was shown in [OS] that the r
s
-surgery of K is an L-space if and only
if r
s
≥ 2g(K) − 1, where g(K) is the genus of K. In view of the L-space conjecture,
one would expect that the fundamental group of the r
s
-surgery of an L-space knot K
is not left-orderable if and only if r
s
≥ 2g(K) − 1. When an L-space knot K is the
(−2, 3, 2n + 1)-pretzel knot (with n ≥ 3) or the (n − 2)-twisted (3, 3m + 2)-torus knot
(with n,m ≥ 1), it was shown in [Ni, Tr] that the fundamental group of the r
s
-surgery of
K is not left-orderable if r
s
≥ 2g(K)− 1.
We denote by T l,mp,q the twisted torus knot obtained from the (p, q)-torus knot by twisting
l strands m full times. Determining all L-space knots among twisted torus knots is an
open problem. However, when q ≡ ±1 (mod p), this problem was already solved. For
p ≥ 2, k ≥ 1, m ≥ 1 and 1 ≤ l ≤ p− 1, it was shown in [Va] that the twisted torus knot
T
l,m
p,pk±1 is an L-space knot if and only if l = p − 1 or l ∈ {p − 2, 2} and m = 1. Some
results on the non left-orderability for surgeries of L-space twisted torus knots T p−1,mp,pk±1 and
T
p−2,1
p,pk±1 were obtained in [Ju, Na, CW, IT1, IT2, CGHV]. In this paper, we generalize the
above results. More precisely, we will show the following.
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Theorem 1. Let K be an L-space twisted torus knot T
l,m
p,pk±1 with p ≥ 2, k ≥ 1, m ≥ 1
and 1 ≤ l ≤ p − 1. Then the fundamental group of the 3-manifold obtained by r
s
-surgery
along K is not left-orderable if r
s
≥ 2g(K)− 1.
The paper is organized as follows. In Section 2 we prove some preliminary lemmas on
the knot groups of twisted torus knots T l,mp,pk±1 and we compute the genera of the L-space
knots among these knots. In Section 3 we use the results of the previous section to prove
Theorem 1.
2. Preliminary lemmas
For a knot K ⊂ S3, the knot group of K is defined to be the fundamental group of
the complement of K in S3. We denote by Gl,mp,q the knot group of T
l,m
p,q . From now on we
consider the twisted torus knots T l,mp,pk±1 with p ≥ 2, k ≥ 1, m ≥ 1 and 1 ≤ l ≤ p− 1.
2.1. The case T l,mp,pk−1. By [CGHV] G
l,m
p,pk−1 has a presentation with two generators a, b
and one relation
(2.1) ap−l+1(zma)l−1 = bk(p−l+1)−1(zmbk)l−1
where z = b1−k(p−l)ap−l. Moreover, µ = a−1bk is a meridian and the preferred longitude
corresponding to µ is λ = µ−p(pk−1)−l
2mλ′ where λ′ = ap−l(zma)l.
Let x = µ = a−1bk and y = b1−ka. Then b = yx, a = bk−1y = (yx)k−1y and z =
(yx)1−k(p−l)((yx)k−1y)p−l. Moreover, Gl,mp,pk−1 has a presentation with two generators x, y
and one relation
(yx)k−1y((yx)k−1y)p−l(zm(yx)k−1y)l−1 = (yx)k(yx)k(p−l)−1(zm(yx)k)l−1.
This relation is equivalent to
(2.2) ((yx)k−1y)p−l(zm(yx)k−1y)l−1 = x(yx)k(p−l)−1(zm(yx)k)l−1.
By abelianizing Gl,mp,pk−1, the homology class of y is p− 1 times that of x.
Let Homeo+(R) be the group of order-preserving homeomorphisms of R.
Lemma 2.1. Suppose ρ : Gl,mp,pk−1 → Homeo
+(R) is a homomorphism such that ρ(x)α > α
for all α ∈ R. Then ρ(y)α > α and
ρ(((yx)k−1y)p−l)α > ρ(x(yx)k(p−l)−1)α,
ρ((yx)k−1yn)α > ρ(xn(yx)k−1)α,
ρ(yn(xy)k−1)α > ρ((xy)k−1xn)α
for all α ∈ R and n ≥ 1.
Proof. Since ρ(x)α > α for all α ∈ R we have ρ(zm(yx)k)α > ρ(zm(yx)k−1y)α. The
relation (2.2) then implies that
ρ(((yx)k−1y)p−l)α > ρ(x(yx)k(p−l)−1)α
for all α ∈ R. Since ρ((yx)k)α > ρ((yx)k−1y)α we have
ρ(((yx)k−1y)p−l)α > ρ(x(yx)k(p−l)−1)α > ρ(x(yx)k−1((yx)k−1y)p−l−1)α.
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Hence ρ((yx)k−1y)α > ρ(x(yx)k−1)α for all α ∈ R. By [Tr, Lemma 2.4], this implies that
ρ((yx)k−1yn)α > ρ(xn(yx)k−1)α,
ρ(yn(xy)k−1)α > ρ((xy)k−1xn)α
for all α ∈ R and n ≥ 1.
Finally, since ρ((yx)k−1y)α > ρ(x(yx)k−1)α > ρ((yx)k−1)α we have ρ(y)α > α. 
Lemma 2.2. If T
l,m
p,pk−1 is an L-space knot, then its genus is equal to
1
2
l(l− 1)m+ 1
2
p(p−
1)k − (p− 1).
Proof. For a Laurent polynomial f(t) ∈ C[t±1], the degree of f is defined to be the
difference of the highest degree and the lowest degree of f .
By [OS], the degree of the Alexander polynomial of an L-space knot is twice the knot
genus. Hence, to prove Lemma 2.2 it suffices to show that the degree of the Alexander
polynomial of T l,mp,pk−1 is equal to l(l − 1)m + p(p − 1)k − (2p − 2). We will compute the
Alexander polynomial via Fox’s free calculus.
Since z = b1−k(p−l)ap−l, the relation (2.1) is equivalent to za(zma)l−1 = bk(zmbk)l−1. Let
r1 = za(z
ma)l−1 and r2 = ax(z
max)l−1. Since bk = ax we have Gl,mp,pk−1 = 〈x, y | r1 = r2〉.
The Alexander polynomial of T l,mp,pk−1 can be computed via the formula
(2.3)
∆
T
l,m
p,pk−1
(t)
t− 1
=
Φ(∂r1
∂x
− ∂r2
∂x
)
Φ(y)− 1
where Φ : Gl,mp,pk−1 → Z
∼= 〈t〉 is the abelianization. See, for example, [Tr, Section 3].
Since Φ(x) = t and Φ(y) = tp−1, we have Φ(a) = tkp−1, Φ(b) = tp and Φ(z) =
Φ(b1−k(p−l)ap−l) = tl. We will use the following formulas
∂uv
∂x
=
∂u
∂x
+ u
∂v
∂x
,
∂u−1
∂x
= −u−1
∂u
∂x
and
∂un
∂x
= (1 + u+ · · ·+ un−1)
∂u
∂x
for u, v ∈ Gl,mp,pk−1 and n ≥ 1. Note that
∂x
∂x
= 1 and ∂y
∂x
= 0.
For n ≥ 0 and u ∈ Gl,mp,pk−1 we let δn(u) =
∑n
i=0 u
i. By direct calculations we have
Φ( ∂a
∂x
) = Φ(δk−2(yx)y) =
tp(k−1)−1
tp−1
tp−1, Φ( ∂b
∂x
) = Φ(y) = tp−1 and
Φ
(∂z
∂x
)
= Φ
(
− b1−k(p−l)δk(p−l)−2(b)
∂b
∂x
+ b1−k(p−l)δp−l−1(a)
∂a
∂x
)
= tp−kp(p−l)
(t(p−l)(kp−1) − 1
tkp−1 − 1
·
tp(k−1) − 1
tp − 1
−
tkp(p−l)−p − 1
tp − 1
)
tp−1.
Since
∂r1
∂x
=
∂z
∂x
+ z
∂a
∂x
+ zaδl−2(z
ma)
(
δm−1(z)
∂z
∂x
+ zm
∂a
∂x
)
,
∂r2
∂x
=
∂a
∂x
+ a+ axδl−2(z
max)
(
δm−1(z)
∂z
∂x
+ zm
∂a
∂x
+ zma
)
,
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we have
∂r1
∂x
−
∂r2
∂x
=
(
z + zaδl−2(z
ma)zm − 1− axδl−2(z
max)zm
)∂a
∂x
+
(
1 + zaδl−2(z
ma)δm−1(z)− axδl−2(z
max)δm−1(z)
)∂z
∂x
− a− axδl−2(z
max)zma.
By comparing degrees, the highest degree of the Laurent polynomial Φ
(
∂r1
∂x
− ∂r2
∂x
)
is
ml(l − 1) + kpl − 1, which is the highest degree of Φ(axδl−2(z
max)zma). Moreover, the
lowest degree is −kp(p− l − 1) + p− 1, which is the lowest degree of Φ
(
∂z
∂x
)
. Hence, the
degree of Φ
(
∂r1
∂x
− ∂r2
∂x
)
is l(l − 1)m+ p(p− 1)k − p. Equation (2.3) then implies that the
degree of the Alexander polynomial of T l,mp,pk−1 is equal to l(l−1)m+p(p−1)k−(2p−2). 
2.2. The case T l,mp,pk+1. By [CGHV] G
l,m
p,pk+1 has a presentation with two generators a, b
and one relation
(2.4) a(zma)l−1ap−l = bk(zmbk)l−1bk(p−l)+1
where z = bk(p−l)+1al−p. Moreover, µ = b−ka is a meridian and the preferred longitude
corresponding to µ is λ = µ−p(pk+1)−l
2mλ′ where λ′ = (zma)lap−l.
Let x = µ = b−ka and y = a−1bk+1. Then b = xy and a = bkx = (xy)kx. Moreover,
G
l,m
p,pk+1 has a presentation with two generators x, y and one relation
(xy)kx(zm(xy)kx)l−1((xy)kx)p−l = (xy)k(zm(xy)k)l−1(xy)k(p−l)+1
where z = (xy)k(p−l)+1((xy)kx)l−p. The group relation is equivalent to
(2.5) (xzm(xy)k)l−1x((xy)kx)p−l = (zm(xy)k)l−1(xy)k(p−l)+1.
By abelianizing Gl,mp,pk+1, the homology class of y is p− 1 times that of x. Similar to the
previous case, we have the following lemmas.
Lemma 2.3. Suppose ρ : Gl,mp,pk+1 → Homeo
+(R) is a homomorphism such that ρ(x)α > α
for all α ∈ R. Then ρ(y)α > α and
ρ((xy)k(p−l)+1)α > ρ(x((xy)kx)p−l)α,
ρ((yx)kyn)α > ρ(xn(yx)k)α,
ρ(yn(xy)k)α > ρ((xy)kxn)α
for all α ∈ R and n ≥ 1.
Lemma 2.4. If T
l,m
p,pk+1 is an L-space knot, then its genus is equal to
1
2
l(l−1)m+ 1
2
p(p−1)k.
2.3. Longtitude of L-space T l,mp,pk±1. From now on we let K denote an L-space twisted
torus knot T l,mp,pk±1. Since K is an L-space, by [Va], one of the following conditions holds
(1) l = p− 1,
(2) l = p− 2 and m = 1,
(3) l = 2 and m = 1.
Lemma 2.5. If K = T p−1,mp,pk−1 then λ
′ = (yx)k−1ym+1x(yx)k−1(ym(yx)k)p−2.
If K = T p−1,mp,pk+1 then λ
′ = ((xy)kxym)p−1(xy)kx.
If K = T p−2,1p,pk−1 then λ
′ = x(yx)k−1(y(yx)k−1y)p−2(yx)k−1y.
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If K = T p−2,1p,pk+1 then λ
′ = (xy)kx(y(xy)k)p−2(xy)kx.
If K = T 2,1p,pk−1 then
λ′ = ((yx)k−1y)p−2[(yx)1−(p−2)k((yx)k−1y)p−1]2
= x((yx)k−1y)p−1x((yx)k−1y)−(p−1)(yx)k((yx)k−1y)p−1x.
If K = T 2,1p,pk+1 then
λ′ = (xy)(p−2)k+1((xy)kx)−(p−3)(xy)(p−1)k+1x
= x(xy)(p−1)k+1x(xy)−(p−1)k−1(xy)kx(xy)(p−1)k+1x.
Proof. IfK = T p−1,mp,pk−1 then, by Section 2.1, we have z = y and λ
′ = (yx)k−1y(ym(yx)k−1y)p−1.
The relation (2.2) is (yx)k−1y(ym(yx)k−1y)p−2 = x(yx)k−1(ym(yx)k)p−2. Hence
λ′ = (yx)k−1yym(yx)k−1y(ym(yx)k−1y)p−2
= (yx)k−1ym+1x(yx)k−1(ym(yx)k)p−2.
If K = T p−1,mp,pk+1 then, by Section 2.2, we have z = ((xy)
kx)y((xy)kx)−1 and λ′ =
((xy)kxym)p−1(xy)kx.
IfK = T p−2,1p,pk−1 then, by Section 2.1, we have z = (yx)
1−2k((yx)k−1y)2 = (yx)−ky(yx)k−1y
and λ′ = ((yx)k−1y)2(z(yx)k−1y)p−2. The relation (2.2) is ((yx)k−1y)2(z(yx)k−1y)p−3 =
x(yx)2k−1(z(yx)k)p−3. Hence
λ′ = ((yx)k−1y)2(z(yx)k−1y)p−3z(yx)k−1y
= x(yx)2k−1(z(yx)k)p−3z(yx)k−1y
= x(yx)k−1((yx)kz)p−2(yx)k−1y
= x(yx)k−1(y(yx)k−1y)p−2(yx)k−1y.
If K = T p−2,1p,pk+1 then, by Section 2.2, we have z = (xy)
2k+1((xy)kx)−2 and
λ′ = [(xy)2k+1((xy)kx)−1]p−2((xy)kx)2
= [(xy)kxy(xy)k((xy)kx)−1]p−2((xy)kx)2
= (xy)kx(y(xy)k)p−2((xy)kx)−1((xy)kx)2
= (xy)kx(y(xy)k)p−2(xy)kx.
If K = T 2,1p,pk−1 then, by Section 2.1, we have z = (yx)
1−(p−2)k((yx)k−1y)p−2 and
λ′ = ((yx)k−1y)p−2[(yx)1−(p−2)k((yx)k−1y)p−1]2.
The relation (2.2) is ((yx)k−1y)p−2(yx)1−(p−2)k((yx)k−1y)p−1 = x((yx)k−1y)p−1x. Hence
λ′ = ((yx)k−1y)p−2[((yx)k−1y)−(p−2)x((yx)k−1y)p−1x]2
= x((yx)k−1y)p−1x((yx)k−1y)−(p−2)x((yx)k−1y)p−1x
= x((yx)k−1y)p−1x((yx)k−1y)−(p−1)(yx)k((yx)k−1y)p−1x.
If K = T 2,1p,pk+1 then, by Section 2.2, we have z = (xy)
(p−2)k+1((xy)kx)−(p−2) and
λ′ = [(xy)(p−2)k+1((xy)kx)−(p−3)]2((xy)kx)p−2.
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The relation (2.5) is x(xy)(p−1)k+1x = (xy)(p−2)k+1((xy)kx)−(p−2)(xy)(p−1)k+1. Hence
λ′ = (xy)(p−2)k+1((xy)kx)−(p−3)(xy)(p−2)k+1(xy)kx
= (xy)(p−2)k+1((xy)kx)−(p−2)(xy)kx(xy)(p−1)k+1x
= x(xy)(p−1)k+1x(xy)−(p−1)k−1(xy)kx(xy)(p−1)k+1x.
This completes the proof of Lemma 2.6. 
3. Non left-orderable surgeries
In this section we prove Theorem 1. Recall that K is an L-space twisted torus knot
T
l,m
p,pk±1. Let M rs be the 3-manifold obtained by
r
s
-surgery along K. Assume pi1(M r
s
) is
left-orderable for some r
s
≥ 2g(K)− 1, where s > 0. Then there exists a homomorphism
ρ : pi1(M r
s
) → Homeo+(R) such that there is no α ∈ R satisfying ρ(h)(α) = α for all
h ∈ pi1(M), see e.g. [CR, Problem 2.25]. From now on we write hα for ρ(h)(α).
Since xrλs = 1 in pi1(M) and xλ = λx, there exists an element v ∈ pi1(M) such that
x = vs and λ = v−r, see e.g. [Na, Lemma 3.1].
Proposition 3.1. We have vα 6= α for all α ∈ R.
Proof. Assume vα = α for some α ∈ R. Then xα = vsα = α and λα = v−rα = α.
Since λ′ = xp(pk±1)+l
2mλ, we have λ′α = α. If yα = α then hα = α for all h ∈ pi1(M), a
contradiction. Without loss of generality, we assume that yα > α.
If K = T p−1,mp,pk±1 or K = T
p−2,1
p,pk±1 then, by Lemma 2.6, all the exponents of y in λ
′ are
positive. Since xα = α and yα > α, we conclude that λ′α > α. This contradicts λ′α = α.
If K = T 2,1p,pk−1 then, by Lemma 2.6, we have
λ′ = ((yx)k−1y)p−2[(yx)1−(p−2)k((yx)k−1y)p−1]2
= x((yx)k−1y)p−1x((yx)k−1y)−(p−1)(yx)k((yx)k−1y)p−1x.
Let u = ((yx)k−1y)p−1. Since xα = α and yα > α we have uα > α. Hence
α = λ′α = xuxu−1(yx)kuxα
⇒ α = uxu−1(yx)kuα
⇒ (yx)kuα = ux−1u−1α < ux−1α = uα
⇒ (yx)uα < uα
⇒ (yx)−1uα > uα.
This implies that (yx)1−(p−2)k((yx)k−1y)p−1α = (yx)1−(p−2)kuα > uα > α. Hence
λ′α = ((yx)k−1y)p−2[(yx)1−(p−2)k((yx)k−1y)p−1]2α > α.
This contradicts λ′α = α.
If K = T 2,1p,pk+1 then, by Lemma 2.6, we have
λ′ = (xy)(p−2)k+1((xy)kx)−(p−3)(xy)(p−1)k+1x
= x(xy)(p−1)k+1x(xy)−(p−1)k−1(xy)kx(xy)(p−1)k+1x.
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Let u = (xy)(p−1)k+1. Since xα = α and yα > α we have uα > α. Hence
α = λ′α = xuxu−1(xy)kxuxα
⇒ α = uxu−1(xy)kxuα
⇒ (xy)kxuα = ux−1u−1α < ux−1α = uα
⇒ ((xy)kx)−1uα > uα.
This implies that ((xy)kx)−(p−3)(xy)(p−1)k+1α = ((xy)kx)−(p−3)uα > uα > α. Hence
λ′α = (xy)(p−2)k+1((xy)kx)−(p−3)(xy)(p−1)k+1xα > α.
This contradicts λ′α = α. 
Since vα 6= α for all α ∈ R and vα is a continuous function of α, without loss of
generality, we may assume vα > α for all α ∈ R. Then xα = vsα > α.
Proposition 3.2. With r
s
≥ 2g(K)− 1 we have α < yα < xα for all α ∈ R.
Proof. With r
s
≥ 2g(K) − 1 and s > 0, we have −r + (2g(K) − 1)s ≤ 0. Since x = vs,
λ = v−r and vα > α for all α ∈ R, we have
xα ≥ v−r+(2g(K)−1)sxα = x2g(K)λα = x2g(K)−p(pk±1)−l
2mλ′α.
Case 1a: K = T p−1,mp,pk−1. By Lemmas 2.2 and 2.6 we have
2g(K) = (p− 1)(p− 2)m+ p(p− 1)k − (2p− 2),
λ′ = (yx)k−1ym+1x(yx)k−1(ym(yx)k)p−2.
By Lemma 2.1 we have ρ(y)α > α, (yx)k−1ynα > xn(yx)k−1α, yn(xy)k−1α > (xy)k−1xnα
for all α ∈ R and n ≥ 1. Hence
xα ≥ x−(p−1)m−pk−(p−2)(yx)k−1ym+1x(yx)k−1(ym(yx)k)p−2α
= x−(m+1)(yx)k−1ym+1x(yx)k−1(ym+1(xy)k−1x)p−2x−(p−2)m−pk−(p−3)α
> x−(m+1)xm+1(yx)k−1x(yx)k−1((xy)k−1xm+1x)p−2x−(p−2)m−pk−(p−3)α
> yxk−1xxk−1(xk−1xm+2)p−2x−(p−2)m−pk−(p−3)α
= yα.
Case 1b: K = T p−1,mp,pk+1. By Lemmas 2.4 and 2.6 we have
2g(K) = (p− 1)(p− 2)m+ p(p− 1)k,
λ′ = ((xy)kxym)p−1(xy)kx.
By Lemma 2.3 we have ρ(y)α > α, (yx)kynα > xn(yx)kα, yn(xy)kα > (xy)kxnα for all
α ∈ R and n ≥ 1. Hence
xα ≥ x−(p−1)m−pk−p(x(yx)kym)p−1(xy)kxα
= x−(p−1)m−pk−(p−1)(x(yx)kym)p−1(xy)kxx−1α
> x−(p−1)m−pk−(p−1)(xxm(yx)k)p−1(xy)kα
> x−(p−1)m−pk−(p−1)(xm+1xk)p−1xkyα
= yα.
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Case 2a: K = T p−2,1p,pk−1. By Lemmas 2.2 and 2.6 we have
2g(K) = p2 − 7p+ 8 + p(p− 1)k,
λ′ = x(yx)k−1(y(yx)k−1y)p−2(yx)k−1y.
By Lemma 2.1 we have ρ(y)α > α, (yx)k−1ynα > xn(yx)k−1α, yn(xy)k−1α > (xy)k−1xnα,
((yx)k−1y)2α > x(yx)2k−1α for all α ∈ R and n ≥ 1. The latter implies that y(yx)k−1yα >
(yx)−(k−1)x(yx)k(yx)k−1α. Hence
xα ≥ x−(pk+2p−4)x(yx)k−1(y(yx)k−1y)p−2(yx)k−1yα
> x−(pk+2p−5)(yx)k−1[(yx)−(k−1)x(yx)k(yx)k−1]p−2(yx)k−1yα
> x−(pk+2p−5)(x(yx)k)p−2(yx)k−1(yx)k−1yα
= x−(pk+2p−5)(x(yx)k−1yx)p−2(yx)k−1y(xy)k−1α
> x−(pk+2p−5)(xx(yx)k−1x)p−2x(yx)k−1(xy)k−1α
> x−(pk+2p−5)(x2xk−1x)p−2xxk−1xk−1yα
= yα.
Case 2b: K = T p−2,1p,pk+1. By Lemmas 2.4 and 2.6 we have
2g(K) = p2 − 5p+ 6 + p(p− 1)k,
λ′ = (xy)kx(y(xy)k)p−2(xy)kx.
By Lemma 2.3 we have ρ(y)α > α, (yx)kynα > xn(yx)kα, yn(xy)kα > (xy)kxnα,
(xy)2k+1α > x((xy)kx)2α for all α ∈ R and n ≥ 1. The latter is equivalent to y(xy)2kα >
((xy)kx)2α, which implies that y(xy)kα > ((xy)kx)2(xy)−kα. Hence
xα ≥ x−(pk+2p−2)(xy)kx(y(xy)k)p−2(xy)kxα
= x−1x(yx)k(y(xy)k)p−2(xy)kxx−(pk+2p−3)α
> (yx)k[(xy)kx(xy)kx(xy)−k]p−2(xy)kx−(pk+2p−4)α
= (yx)k(xy)k(x(xy)kx)p−2x−(pk+2p−4)α
> yxkxk(xxkx)p−2x−(pk+2p−4)α
= yα.
Case 3a: K = T 2,1p,pk−1. By Lemmas 2.2 and 2.6 we have
2g(K) = p(p− 1)k − (2p− 4),
λ′ = x((yx)k−1y)p−1x((yx)k−1y)−(p−1)(yx)k((yx)k−1y)p−1x.
By Lemma 2.1 we have ρ(y)α > α, (yx)k−1ynα > xn(yx)k−1α, yn(xy)k−1α > (xy)k−1xnα,
((yx)k−1y)p−2α > x(yx)k(p−2)−1α for all α ∈ R and n ≥ 1. The latter implies that
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((yx)k−1y)p−1xα > x(yx)k(p−2)−1(yx)kα = x(yx)k−1(yx)k(p−2)α. Hence
xα ≥ x−(pk+p)x((yx)k−1y)p−1x((yx)k−1y)−(p−1)(yx)k((yx)k−1y)p−1xα
= x−2x((yx)k−1y)p−1x((yx)k−1y)−(p−1)(yx)k((yx)k−1y)p−1xx−(pk+p−2)α
> x−1(yx)k((yx)k−1y)p−1xx−(pk+p−2)α
> x−1(yx)kx(yx)k−1(yx)k(p−2)x−(pk+p−2)α
> x−1xyxkxxk−1(xyxk)p−2x−(pk+p−2)α
> yx2kx(k+1)(p−2)x−(pk+p−2)α
= yα.
Here we use (yx)kα = (yx)k−1yxα > x(yx)k−1xα > xyxkα for all α ∈ R.
Case 3b: K = T 2,1p,pk+1. By Lemmas 2.4 and 2.6 we have
2g(K) = 2 + p(p− 1)k,
λ′ = x(xy)(p−1)k+1x(xy)−(p−1)k−1(xy)kx(xy)(p−1)k+1x.
By Lemma 2.3 we have ρ(y)α > α, (yx)kynα > xn(yx)kα, yn(xy)kα > (xy)kxnα,
(xy)k(p−2)+1α > x((xy)kx)p−2α for all α ∈ R and n ≥ 1. The latter implies that
(xy)k(p−1)+1α > ((xy)kx)p−1α. Hence
xα ≥ x−(pk+p+2)x(xy)(p−1)k+1x(xy)−(p−1)k−1(xy)kx(xy)(p−1)k+1xα
= x−(pk+p+1)x(xy)(p−1)k+1x(xy)k(xy)−(p−1)k−1x(xy)(p−1)k+1xx−1α
> x−(pk+p+1)x(xy)(p−1)k+1x(xy)kα
> x−(pk+p+1)x((xy)kx)p−1x(xy)kα
> x−(pk+p+1)x(xkx)p−1xxkyα
= yα.
This completes the proof of Proposition 3.2. 
By Lemmas 2.1 and 2.3 we have (xy)jxα < y(xy)jα for all α ∈ R, where j = k − 1 if
K = T l,mp,pk−1 and j = k if K = T
l,m
p,pk+1. With
r
s
≥ 2g(K)− 1, by Proposition 3.2 we have
xα > yα for all α ∈ R. Hence
(xy)jα = (xy)jxx−1α
< y(xy)jx−1α = (yx)jyx−1α
< (yx)jxx−1α = x−1(xy)jxα
< x−1y(xy)jα
< x−1x(xy)jα = (xy)jα,
a contradiction. This completes the proof of Theorem 1.
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